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Abstract. Let E C C be a compact set, g : C — > C be a if-quasiconformal map, and let 
< t < 2. Let 7Y* denote i-dimensional Hausdorff measure. Then 



H^E) = => H* (gE) = , t' = 



2+(K-l)t 

This is a refinement of a set of inequalities on the distortion of Hausdorff dimensions by 
quasiconformal maps proved by K. Astala [5j and answers in the positive a conjecture of 
K. Astala in op. cit. 



1. Introduction 

An orientation-preserving homeomorphism : Q — > Q' between planar domains Q, Q' C 
C is called K -quasiconformal if it belongs to the Sobolev space W^iVt) and satisfies the 
distortion inequality 

max \d a (j)\ < K min \d a <j)\ a.e. in Q . 

a a 

Infinitesimally, quasiconformal mappings carry circles to ellipses with eccentricity at most 
K . Finer properties of quasiconformal mappings can be identified by studying their map- 
ping properties with respect to Hausdorff measure, the primary focus of this paper. It has 
been known since the work of Ahlfors pQ that quasiconformal mappings preserve sets of zero 
Lebesgue measure. It is also well known that they preserve sets of Hausdorff dimension zero, 
since iC-quasiconformal mappings are Holder continuous with exponent 1/K, see [H]. How- 
ever, they need not preserve Hausdorff dimension bigger than zero. Gehring and Reich [10] 
identified as a conjecture the precise bounds for the area distortion under quasiconformal 
mappings, a conjecture verified by the the groundbreaking work of Astala [2]. As a conse- 
quence of area distortion, Astala obtained the theorem below, which proved the case n = 2 
of a conjecture of Iwaniec and Martin in M. n 
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1.1. Astala's Hausdorff Dimension Distortion Theorem. For any compact set E with 
Hausdorff dimension < t < 2 and any K -quasiconformal mapping <j) we have 

i n i\ < i i < /i i 

K\t~2~) ~ dim(0£) ~ 2 ~ \J ~ 2 
Finally, these bounds are optimal, in that equality may occur in either estimate. 

The question we study concerns refinement of the left-hand endpoint above. Can it be 
improved to the level of Hausdorff measures 7i*? Indeed, this is the case. The next theorem, 
the main theorem of this paper, answers in the affirmative Astala's Question 4.4 in [2]. 

1.3. Main Theorem. If is a planar K -quasiconformal mapping, < t < 2 and t' = 

2+(K-i)t > then we have the implication below for all compact sets E C C. 

(1.4) H t (E) = =^ H t '(<j)E) = 0, 

Since the inverse of a i^-quasiconformal mapping is also a f^-quasiconformal mapping, 
the following refinement of the right-hand endpoint in (11.21) follows: for a compact set F, 
H t '{F)>0 n t ((j)F)>0. 

The above theorem is sharp in two senses. Firstly, the hypothesis ^(E) = cannot be 
weakened to 7i l {E) < oo while keeping the same conclusion (i.e. the statement "^(E) < 
oo implies H} (4>E) = 0" , under the same conditions of Theorem 11.31 which has a weaker 
hypothesis than Theorem 11.31 and hence is a stronger statement than Theorem II .3[ is false.) 
Secondly, if we keep the hypothesis 7Y'(i?) = 0, the conclusion Tt 1 (4>E) = cannot be 
strengthened, to Hausdorff dimension zero with respect to a gauge. For any gauge function 

h satisfying lim^o — 0, there exists a compact set E and .fT-quasiconformal mapping 

with n\E) = but H h {<f)E) = oo. See Theorem 1.7 (a) in [25] for the relevant examples. 

Some instances of this theorem are known, and have connection to significant further 
properties of quasiconformal maps. Note that the above classical result of Ahlfors asserts 
that the theorem is true when t = 2, while the theorem is obviously true when t = since 
is a homeomorphism. In fact, for the Lebesgue measure, there is the following precise 
quantitative bound due to [2] for a properly normalized A'-quasiconformal mapping (f>: 



2K 



\<j)E\ < C\E\k . 

This bound leads to the sharp Sobolev regularity estimate G W^(C) for every p < K _ r 
A positive answer was also given for the special case t' — 1 (hence t = in [3]. This 

special case is important due to its applications towards removability of sets for bounded K- 

quasiregular mappings, i. e. a quasiconformal analogue of the celebrated Painleve's problem. 

We refer the reader to [23J and [3] for details. The same paper [3] contains other related 

results, as does Prause [19]. 

Let us give an overview of the proof and the paper. The highest levels of the argument 

follow a familiar line of reasoning. Matters are reduced to the case of small dilatation in 

Lemma 12.11 Thus, we take a compact set E with t-Hausdorff measure equal to zero and a 
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i^-quasiconformal map 0. To provide the conclusion that the t'-Hausdorff measure of <f>E 
is zero, we should exhibit a covering of (f>E by (quasi)disks that is arbitrarily small in H} - 
measure. To do this we should begin with a corresponding covering of E that is small in the 
H*-measure. The first novelty is that we show that this can be done with certain dyadic cubes 
(denoted P G V below) that admit one key additional feature, that they obey a t-packing 
condition described in Proposition 12.21 

Associated with V is a measure w^v, defined in (12.31) . which exhibits 't-dimensional' behav- 
ior, reflective of the t-packing condition. The second novelty is that the Beurling operator, 
and more generally a standard Calderon-Zygmund operator, is bounded on L 2 (u> t -p), see 
Proposition 12.51 This fact does not follow from standard weighted theory of singular inte- 
grals, but this new class of measures have enough additional combinatorial structure that a 
proof of this fact is not difficult to supply. 

The mapping <ft is then factored into (j) — faoh where fa is the 'conformal inside' part and 
h is the 'conformal outside' part. The conformal inside part admits a relevant estimate that 
can be found in [3], and is recalled below. The relevant estimate on the conformal outside 
part is new, and uses in an essential way the two novelties just mentioned. See the proof of 
Lemma It uses Astala's approach for distortion of area [2J. The conformal inside/outside 
order of the factorization = fa o h appears also in |19j . 

The principal Lemmas are in Section [2J The new lemma on approximating Hausdorff 
content, with control of a packing condition, namely Proposition 12.21 is given in Section [3J 
Section H] contains the proof of weighted estimate for the Beurling operator, Proposition 12.51 
These two Propositions are combined in Section [5j 

As usual, in a string of inequalities, the letter C might denote different constants from one 
inequality to the next. 

Acknowledgment. All authors acknowledge affiliation and support from the Fields Institute 
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George Elliot Distinguished Visitor during his stay at the Fields Institute. Part of this work 
was done the Banff International Research Station, during the workshop 08w5061 Recent 
Developments in Elliptic and Degenerate Elliptic Partial Differential Equations, Systems and 
Geometric Measure Theory. The third named author would like to thank Kari Astala, Albert 
Clop, Guy David, Joan Mateu, Joan Orobitg, Carlos Perez, Joan Verdera, and Alexander 
Volberg for conversations relating to this work. 

The authors also thank the referees and I. Prause for a detailed reading of the paper and 
many useful comments that helped clarify the exposition. 

2. Principal Propositions 

We state the principal Propositions of the paper, with the first being a restatement of 
the Main Theorem for a specific class of quasiconformal mappings, namely those of small 
dilatation. 

2.1. Lemma. Let < t < 2. Then there is a small constant < k,q < 1 (kq = Ko{t) is a 
decreasing function oft) so that the following holds. Let g : C — > C be a K -quasiconformal 
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map with < k . Then we have the following implication for all compact subsets E C C. 



H t (E) = H t '(gE) = 0. 



2Kt 



where t'^ 2+{K _ 1)r 

Proof of Theorem \1.3l We use the usual factorization of a f^-quasiconformal mapping into 
those with small dilatation. For a fixed i^-quasiconformal mapping g, we can write 

g = g x O ■ ■ ■ O g 2 gi , 

so that each is i^j-quasiconformal, K — K\ • ■ ■ K\, and ifj < for all i — 1, 2, • • • , A, and 

Ko = K (t'). (See [1] or [12].) It follows that the dilatation of each g^ satisfies j^tj < K o(t'), 
that is Lemma 12.11 applies to each gi individually. 

Indeed, let us set r(t,K) = 2 +?k-i)v anc ^ inductively define T\ = T(t,Ki), and r i+1 = 
t(t{, Ki + i). Let E C C be a compact subset of the plane with T-C l (E) = 0. It follows from an 
inductive application of Lemma I2~T1 (since Ko(t') < Ko{ T i) for all i = 1, 2, • • • , A) that we have 

H T i( 9j o...o gi (E)) = 0, l<j< A. 

And it is easily checked that t\ = 2 +(K-i)t ' wn i cn is the dimension t' in Theorem 11.31 

□ 

We state our Proposition on the approximation of Hausdorff content with the t-packing 
condition. Let V be a finite collection of disjoint dyadic cubes in the plane. Let < t < 2. 
We denote the t-Carleson packing norm of V as follows: 



| V | |t-pack = sup 
Q 



P&V 
PcQ 



where the supremum is taken over all dyadic cubes Q. In this display and throughout this 
paper, £(Q) denotes the side-length of the cube Q. And we say that V satisfies the t-Carleson 
Packing Condition if HPHt-pack < oo. 

Recall that for a set E, < s < 2, and < 5 < oo, one defines 

{oo oo 
diam( J B 4 ) s : E C |J B { , diam(5 i ) < 5 
i=l i=l 

where Bi C C is a set, and diam(_Bj) denotes its diameter. Then one defines the Hausdorff 
s-measure of E to be 

H s (E) = lhnH s s (E) = supH s s {E). 
The quantity Ti^E) is usually referred to as the Hausdorff content of E. 
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It is well known that in the definition of Hausdorff measure, if instead of covering with balls 
or arbitrary sets, one covers with dyadic cubes, one obtains an equivalent measure. We will 
take the dyadic cubes to be closed unless otherwise stated, i.e. of the form [2~ k mi, 2~ k (m 1 + 
1)] x [2- k m 2 ,2- k (m 2 + 1)], with k a non-negative integer and m^mj integers. Recall also 
that H\E) = H^E) = 0. For these and related facts, see e.g. [13] or [8]. 

Only the case m = 2 of the following Proposition is used below. 

2.2. Proposition. Let m > be an integer. Then there is a positive constant C such that, 
for any compact E C (0, l) 2 C C, < t < 2, and e > 0, there is a finite collection of closed 
dyadic cubes V = {Pi}f =1 such that 

(a) 2 m Pi n 2 m P j = foriytj. 

(b) E C 1)^,3 ■2 m P l . 

(c) ||P||i-pack < 1. 

(d) C{K,W+e). 

Given < t < 2 and V a collection of pairwise disjoint dyadic cubes, we define the measure 
Wt ; -p associated with V by 

(2.3) w tiV (x) = Y,t(P3Y~ 2 Xp J (x), 

3 

where %p. denotes the characteristic function of Pj and £(Pj) denotes the side-length of Pj. 
Define also 

N 
i=l 

The measure Wt,-p behaves as does a t-dimensional measure, namely if Q is an arbitrary cube 
(dyadic or not) with sides parallel to the coordinate axes,then 

(2-4) w t ,v(Q) < 16 H^lltpack £(QY ■ 

We will be concerned with a quasiconformal map / that is conformal outside of P, and 
we will need an estimate on the diameters of f(Pi). f will have an explicit expression as a 
Neumann series involving the Beurling operator, which we recall here. Let 

($/)(*) = -ip.v. / -^- 2 dA(T), 

be the Beurling transform. This is an example of a standard singular integral bounded on 
L 2 (C) (see [21].) The second proposition gives a weighted norm inequality with respect to 
the weight wt,v for the compression of S to the set P, i.e. the operator Xp^Xp; assuming 
that V satisfies a Carleson t-packing condition. 

2.5. Proposition. Let < t < 2 and V = {Pi}fLi be a collection of open dyadic cubes with 
pairwise disjoint triples, i.e. 3Pj fl 3Pj = for i ^ j. Assume further that ||P||i_p ac k < 1- 
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Then there exists an absolute positive constant C = C{t) such that 



\\S{Xpf)\W{w t , v ) < C\\f\\ L 2 {wtrh 

for all f G L 2 (C). C(t) is an increasing function oft. 

The proof of this Proposition is presented in Section HI and follows from elementary bounds 
on the Beurling operator, and combinatorial properties of the measure w t) -p. This estimate is 
new, and does not follow from standard weighted theory. The theory of A 2 weights is built 
around the assumption that the weights are positive a.e., while the weights Wt t -p are zero on 
a large set, and do not admit extensions to A 2 weights uniformly in the A 2 characteristic (Cf. 
Wolff's theorem in p.439].) 



3. The Proof of Proposition 12.21 

Given e > 0, by definition of dyadic Hausdorff content at dimension t, there exists a 
(possibly infinite) collection {Q n } of closed dyadic cubes such that E C {J n Q n , and 

n 

As usual, for a > 0, denote by aQ the cube concentric to the cube Q, but such that 
£(aQ) = a ■ £(Q). By compactness of E, after relabeling indexes, there is a finite number 
N for which E C {J n=1 (3Q n )° , where A° denotes the interior of the set A. Since each cube 
of the form 3Q n is the union of 9 dyadic cubes of the same size as Q n , we can write, after 
relabeling, E C |J n=1 Q n , where Q n are closed dyadic cubes (possibly with overlapping or 
repeated cubes.) 

By selecting the maximal cubes among the Q n , and eliminating those Q n not intersecting 
E, we can now assume, after a relabeling, that 

N 

71=1 

and that the cubes Q n are dyadic, intersect E, and have pairwise disjoint interiors. 

Let min{£(Q n )} = 2~ M , and call a finite collection of cubes TZ admissible denoted by 
1Z E Adms, if (1) 1Z is a finite collection of dyadic cubes that intersect E, thus 1Z = {Ri\^ = i 
for a finite H and Ri n E ^ for all i; (2) 2~ M < £(Ri) < 1; (3) E C \jf =1 Rf, and (4) they 
have pairwise disjoint interiors. 

We have just seen that Adms is non-empty. The minimum 

min J £ ( R iY : n e Adms [ ' 
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is achieved, as there are only finitely many admissible collections of cubes. Denote an admis- 
sible collection that achieves the minimum as T = {Ti}f£ v By ( 13. ip . we have 

M' N 

£W 9 (W*oo(^) + e) • 

i=i 3=1 

Any minimizer also satisfies a local property: for any dyadic cube Q such that 2~ M < 
£(Q)<2°, 

Indeed, if Q intersects E, and this inequality did not hold, the cube Q would have been 
selected instead of the cubes T with T C Q, contradicting the property of achieving the 
minimum. If the cube Q does not intersect E, then the inequality is trivial. 

As an immediate consequence, we get that for any dyadic cube Q, irrespective of its size, 

In other words, the cubes Tj satisfy (c) in the statement of Proposition 12.21 

Thus, T satisfies conditions (c) and (d) of the conclusion. To accommodate (a) and (b) as 
well, fix an integer m G N \ {0}, and fix a cube T« G T. Subdivide Tj into its 2 2m+2 dyadic 
descendants of side- length 2~ m ~ 1 £(T i ). Let T, be the dyadic descendant of Tj of side- length 
2~ m £(Ti) whose upper right corner is the center of Tj. It is now easy to check that the 
cubes Tj satisfy (d) in the statement of Proposition 12.21 (with a larger constant C than the 
constant obtained for the cubes Tj), as well as (c), (6) and (a). Since t < 2, notice that C, 
which depends on m, can be taken independent of t. 

4. Weighted norm inequalities for the Beurling transform 

We prove the following estimate on the Beurling operator acting on L p (wi p) spaces. Note 
that the same proof applies to any standard Calderon-Zygmund singular integral, so we 
exhibit a whole new class of weights with respect to which singular integrals are bounded 
and yet do not admit extension to A p weights with uniformly bounded A p characteristic. For 
more on non-doubling measures see e.g. [91 p. 439], [20], [23], [IB] . [24] . [XT] , and the references 
therein. 

4.1. Lemma. Under the assumptions of Proposition \2. b\ for any 1 < p < oo, and two subsets 
F,G C P, we have the estimate 

[ \S X f{x)\ w t , v dx < C p ^! v \Gt t f- 
Jg 
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C P)t is a constant that only depends on p and t. For fixed p, C Pjt is an increasing function of 
t. ' 

Here and throughout, |A| WtP = w tt -p(A) = f A w tt vdx. This is the restricted weak-type 
estimate for S as a bounded operator from the Lorentz space L p ' l {w tt v) to L p '°°{w t ,v)- A 
standard interpolation then proves Proposition 12.51 (see e.g. Theorem 3.15 in [22l p. 197].) 

To prove this, we split S into a local and non-local part, S = <Si oca i + <S non , where writing 
the kernel of S as K(x, y), we define the kernel of <Si oca i to be 



Ki ocal (x,y) = K(x,y) ^ Xp(x)xp(y) 



Per 



On each P EV, w tt v is a constant multiple of Lebesgue measure, hence we can estimate the 
local part directly, using the L p (cfa;)-bound for S. 



P^V 

Pev 

< Cp\\f\\ P LP(w ttV ) ■ 

On the non-local part, we abandon cancellation, and only use the homogeneity of the 
Beurling kernel. It is also convenient to pass to a combinatorial analog of the non-local 
operator. To this end, let us say that a collection of (not necessarily dyadic) cubes Q is a 
grid iff for all Q,Q' G Q we have QOQ' E {0, Q, Q'}. One can construct a collection of cubes 
Q so that these conditions hold 

(1) Q is a union of at most 9 grids. 

(2) For each dyadic cube P there is a cube Q G Q with P C Q, and \Q\ < C\P\. 

(3) For each pair of dyadic cubes P, P' with 3P PI 3P' = 0, there is a cube Q G Q with 
P,P' C Q and \Q\ < C dist(P, P'f. 

Here, C is an absolute constant. 

Proof. We recall a standard notion used e.g. in [15], Section 5]. Define a shifted dyadic mesh 
in two dimensions to be 

Q ={2i(k + (0, l) 2 + (-l)*a) : i G {0, 1}, j G Z, fc G Z 2 , a G {0, ±, |} 2 } . 

Observe that for each cube Q C M 2 , there is a Q' G Q with Q C ^Q' and £(Q') < 9£(Q). 
This is easiest to check in one dimension. □ 

Then, it follows that for all functions / supported on P, and a point x G P with P EV, 

\S no J(x)\ < V / 
, / pi 
p'ev J ^ 
p'^p 
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P'^P 

<CS g |/|(x) 
where we define for any collection of cubes Q, 



QeQ 

Q non-local 

Here we say that an arbitrary cube Q (dyadic or not) with sides parallel to the coordinate 
axes is non-local if there exist Pi, Pi £ V such that Pj fl Q 7^ for z = 1, 2. It follows (since 
3Pi n 3P 2 = 0) that if Q is non-local, then £(P) < t{Q) if P £ P and P n Q ^ 0. 

Given the collection of cubes V (which is fixed throughout this section), and given a grid Q, 
there is a unique subcollection of cubes Q! = { non-local cubes of the underlying grid Q }. 

Thus, for the proof of Lemma 14.11 it suffices to consider only collections of cubes Q' (and 
we restrict our attention to such collections of cubes for the rest of this section) and to prove 



4.2. Lemma. Under the assumptions of Lemma 4-F for the collection of non-local cubes Q' 
associated to any grid Q we have the inequality 

(4.3) / [SffXF] ™t,vdx < C Ptt \F\Vv v \G\l-V\ 1< p < 00 . 

J G 

For fixed p, C Ptt is an increasing function oft. 

We turn to the proof. There are two points to observe. Consider the u^p-maximal function 
defined by 

M t9 = sup * Q \ g(y)w t>P (y) dy 
QeQ' |vU t ,p ' 



This operator maps L 1 (w 4j p) to L 1,oa (w tj -p) , that is 



\\{M t g > \}\ Wt , v < \\g\\mw t)V ) , < A < 00 . 

Indeed, this is a maximal inequality true for all weights, and follows immediately from the 
usual Covering Lemma proof, which is quite simple in this context, as Q is a grid. 
For P, G C P, if 8\F\ Wt v < \G\ Wt v , we take F' = F. Otherwise we define 

(4.4) F' = F n {M t Xg < 2w t>v (G)/w ttV (F)} . 

By the weak-L 1 (w ti v) inequality for M t we see that \F'\ Wtv > \\F\ WtJ> . (In the argot of [T51 
Section 3], F' is a major subset of P.) We show that 

(4.5) / [S Q > xf>] w t . v dx < C t mm{w tiP {F) , w t . v (G)} . 

Jg 



10 



M.T. LACEY, E.T. SAWYER, AND I. URIARTE-TUERO 



Upon iteration of inequality (14.51) . we see that we actually have inequality (14. 5ft . with F' = F 

on the left hand side of the inequality, and C t replaced by C t log ^2 + pp^-J • Indeed, with 

F = Fq and F' = F\ we now apply (I4.5[) with F Q replaced by F \Fi, and F 2 the corresponding 
major subset of F \ F\. We continue the iteration until 8|F n |„, tP < jC?^^, which occurs 

with n < log ^2 + jgj"*' 77 j • From this inequality we immediately obtain (14.31) : 



/ [Sq'Xf] w ttT dx<C t \og(2^^p^mm{w t AF),mAG)} < C p , t \F\^ v \G\^ , 



for 1 < p < oo , which reduces the proof of Lemma [4.21 to showing (14.51) . 
We now turn to the proof of (I4.5p . 

\ F ' n Q\^r,^ \- \F'nQ\ \Gr\Q\ Wtv 



/ [Sq> Xf'\ w t ,v dx=J2 i(0)2 \ G n Qk,p = Yl 



' tiQ) 2 - 1 £(QY 



(46) ^ min i 16||p|lt - pack ' 32 ^)/ 



QeQ' ^ QgQ' 

QeQ' P:PnQ^0 PeP QeQ' 

QnP^0 

( 4 -7) < A CtJ2 l -^^ = AC t \F'\ Wu r 

< C' t mm{w ttV (F') , w t ,v{G)} < C[ m.m{w t , v (F) , w t ,v{G)} . 

In passing to (j4.6j) . we have used the packing condition (see (12.41) ) and the definition of i 7 " 
in (14.41) . to wit if \Q Pi F'\ ^ 0, then necessarily 

< It) — — -; < 32- — : . 



i(QY - \Q\ 

In passing to (14. 7ft . we have used that for any fixed scale 2~ e , there are at most 4 cubes 
QeQ' such that Q n P ^ and = 2~ £ , and also that any such Q satisfies i{Q) > £{P), 
since Q is non-local. Note that C t and C[ are increasing functions of t. 

5. The Proof of Lemma 12.11 

We use a familiar scheme, which we recall here. We have already seen how to approximate 
the t-Hausdorff content of a set E by a finite union of cubes. We can therefore assume that 
E is in fact a finite union of cubes, and we approximate the Hausdorff content of the image of 
E. Applying Stoilow factorization methods, a normalized version of the mapping is written 
as = 0i o h, where both h, <f>i : C — > C are principal if-quasiconformal mappings, such that 
h is conformal in the complement of the set E and 0i is conformal on the set F = h(E). 
One then studies the mapping properties of the two functions 0i and h separately, referred to 
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the 'conformal inside' and the 'conformal outside' parts, respectively. Recall that a principal 
i^-quasiconformal mapping is a i^-quasiconformal mapping that is conformal outside D and 

is normalized by <p(z) — z = O C^n as \ z \ ~^ 00 • 

The conformal inside part has already been addressed, in [3J, and we recall the relevant 
result in Theorem 15.141 below. The conformal outside part is new, and the point we turn to 
now. 

The following lemma is often used in the theory of extrapolation of A p weights, and we 
use it in a similar way to the way it is used in that theory. 

5.1. Lemma. Let f,g>0 be measurable functions. Then, ifO < p < 1, 

(5-2) J fg>\\f\\ P \\g\\ P >, 

where ^ + ^ = 1 (hence p' <0), \\f\\ p = {J \f\ p )K and 

\g\ 



As a consequence, 

(5-3) \\f\\ p = inf [fg. 

Proof. The inequality (15. 2p follows easily from the usual Holder's inequality (i.e. withp > 1.) 
The case of equality in (15.31) is attained by taking g 



f 



p-i 



□ 

We will use the following notation. For a finite collection of pairwise disjoint dyadic cubes 

2l(!-l) 



V = {PM =1 , let 



(5.4) ^^m^ 



(l-l)f 



(Compare with g in the proof of Lemma [5. II ) Also, let E = P = M. Pj, let 

(5.5) w t ,r(x) =^2@j- Xpj(x), 

j 

which is a constant multiple of w tt -p, as defined in (12. 3p . 

The conformal outside Lemma states that the quasi-conformal image of V has controlled 
distortion, in the £*-quasinorm. 

5.6. Lemma. Let < t < 2. There is a positive constant e (which is a decreasing function 
oft) so that the following holds. 
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Let V = {Pj}f=i be a finite collection of dyadic cubes which satisfy the t-Carleson packing 
condition ||P||i- P ack < C . Assume further that the cubes 3 Pj are pairwise disjoint. 

Let E = P = [J . Pj and let f : C — > C be a principal K -quasiconformal mapping which is 
conformal outside the compact set E, with < £q . 

Then, there is a constant C(K,t) which depends only on K and t (which, for fixed K, is 
an increasing function of t) such that 

N N 

(5.7) ^diam(/(P i )) t < C(tf,t) ^(P,)'. 

o=i i=i 

Prause pj5] proved results somewhat in the spirit of Lemma 15.61 below, but for different 
Hausdorff measures, which give a weaker conclusion than the statement (11.41) . Our Lemma, 
and in particular the hypothesis on t-packing, is informed by the counterexample of Bishop 

m 

Proof. By Lemma [5.1[ with /3j as in (15. 4p . and Wt,v{x), as in (15. 5p , by quasi-symmetry we 
get 



N \ t ( N 



(5.8) (£diam(/(P,))M = fof £ diam(/(P,)) 2 

°' = 1 ' l=ll{2}ll,(t/2)' ^ = 1 

N 

<^diam(/(P i )) 2 /3 J 

3=1 

<C(K) [ J{zJ)w t>v {z)dA{z) 



Here J(z, f) denotes the Jacobian (determinant) of / at z. 

We follow Astala's approach for his area distortion theorem [2j p. 50] (see also [5]), equipped 
with the new results of this paper. The central role of the Beurling operator is indicated by 
the identity 

(5.9) f z = l + S(h)- 

Using the trivial inequality |2Re(a)| < 2\a\ < \a\ 2 + 1, and that J(z, f) = \f z \ 2 — \fz\ 2 (see 
e.g. (9) in [H p. 6], or [5]), we can estimate 



J(zJ) w ttV {z) dA{z) = I (\f z \ 2 - \h\ 2 ) w tjr (z) dA{z) 

1 +2Re(S(/*)) + \S(h)\ 2 - |M 2 ) w t , v {z) dA{z) 
2 / {l + \S{h)\ 2 )w t>v {z) dA{z) 

J E 



< 
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w ttV (z) dA(z) + / \S(fr)\ 2 w ti7 ,(z) dA(z) 

J E 

(5.10) =2{I 1 + I 2 }. 

Notice that Ii = ^(Pj) 2 Pj- We shall bound the other term by a multiple of I\. Indeed, 
with respect to I2, since w ti -p and w t ^> only differ by a multiplicative constant the Beurling 
operator has the same operator norm on L 2 (w tt p) and L 2 (w tj -p). And so by Proposition 12. 5\ 



(5.11) l 2 = / \S(h)\ 2 w t>v {z) dA(z) < C(t) / \M 2 w ttV (z) dA(z) =: C(t) ■ I 3 

Je Je 

Turning to ^3, the Beurling operator is again decisive. Recall the representation of J? as a 
power series in the Beltrami coefficient \i. Namely, 

(5.12) fa = fxf x = /! + fJ,S(/i) + fJiS(fJiS(fJL)) H 

This is obtained upon multiplying (15.91) by writing /- = (Id — /J,S)~ (p) and using the 
standard Neumann series 

(Id —fiS)^ 1 = Id +fiS + fiSfiS + fiSfiSfiS + ■ ■ ■ . 

As we shall see, this series converges in L 2 {w ty v) for small (depending on t) || // ||oo by 
Proposition 12. 5[ 

Observe the two inequalities 

/i| 2 w tfV {z) dA{zyj < Halloo (^j xe ■ w t>v (z) dA(z)*j = WfiW^ (Ii) 5 , 

1 



\fiS(g)\ w t>P (z) dA(z) J < \\vWoo ■ \\S\\L2(w tl -p) [J \g\ w tjV (z) dA(z) 

The second inequality is applied to the sequence of functions g — //, g = fiS(fi), g = 
fiS(fiS(fi)) and so on. Using the triangle inequality in (15.121) in the L 2 {w tt v) norm gives 

00 

(I3) 1 < Moo\Y^ \\Moo\\s\\L^ t , p) ] n } (ii) 1 • 

n=l 

The middle term on the right is bounded if we demand 

IHloo < £0 = [2 ||<S||i2(^ 4 i7 ,)-»L 2 (w t ,7>)] < * • 

This is the Eq required in the statement of Lemma 15.61 (and hence 6q is a decreasing function 
of t.) It follows that 

(5.13) I 3 < Ii . 
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From ira . (IQIjl . (Oil) , and (15U3|) . it follows that 



V diam(/(P,))' ) < C7(lf) / J(z, /) w t>v {z) dA{z) < C'(K, t) h . 
j=1 J Je 

It remains to bound Ii by the right hand side of (15. 7p . 

But it follows by construction (recall the parenthetical comment right after (15.41) ) that 

N / N N 

h = E w) 2 & = ii W)U u = ( £W 

3=1 \j=l 

This completes the proof. 



□ 



Recall that it is known how to deal with the quasiconformal map which is 'conformal 
inside'. Namely, recall the following 

5.14. Theorem. Let : C — > C be a principal K- quasiconformal mapping which is conformal 
outside D. Let {Sj}^ be a finite family of pairwise disjoint quasi-disks in 3, such that 
Sj = f{Dj) for a single K- quasiconformal map f and for disks (or cubes) Dj, and assume 
that (f) is conformal inVt = {_],■ Sj. Then for any t £ (0, 2] and t' = 2 +(K-i)t > we have 

(N \7 / N \ Tk 

Ediam(0(5' i )) t 'J <C(K) |£diwn($)*J . 

Theorem 15.141 can be found in [31 (2.6)] stated for disks Dj, but the proof works for K- 
quasi-disks (more precisely, we use it for "i^-quasi-squares" , i.e. the image under a single 
-fT-quasiconformal map - where K will be typically close to 1 - of squares.) It should be 
emphasized that for a general quasiconformal mapping <fi we have J(z, <fi) G L p loc only for p < 
-Jzj- The improved integrability p = -et—; under the extra assumption that <J)\q is conformal 
was shown in P, Lemma 5.2]. This phenomenon is crucial for the proof of Theorem 15.141 
since we are studying Hausdorff measures rather than dimension. Note that Theorem 15.141 is 
also implicit in [2] (see Corollary 2.3 and the variational principle in p. 48.) 

At this point we prove Astala's conjecture for the case of small dilatation, Lemma [2. II 

Proof of Lemma \2.1\ We first give the argument that allows us to reduce to the usual nor- 
malizations. It is a standard argument, but we give it for convenience. 

Let t be a Mobius transformation fixing oo. The dilatation K of g, let us call it K g , is the 
same as that of g o r, i.e. K g = K g0T . Also, H}(E) = <^=^> H}{t{E)) = 0. Consequently, 
without loss of generality, we can assume that E C (i, ^) 2 C |D. 
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Let fj, g be the Beltrami coefficient for g. Let (p be the (unique) principal homeomorphic 
solution to the Beltrami equation 



Then, by Stoilow's factorization, we have that g = ip o tp, where K g = = K^, both ip and 
ip are .fT-quasiconformal maps, ip is principal and if) is conformal in y(H5). 

Since if) is conformal in a neighbourhood of <p(E), by Koebe's distortion theorem (see e.g. 
[IB]). < < inf^B) IV^C 2 )! < SU P V (£) |V , '(' 2 )I < C,/, < oo, and hence t/> is bi-Lipschitz in 
<p(E). Therefore H 1 ' (S) = H f (ip(S)) = if 5 C y?([^, ^] 2 ). Consequently, without 
loss of generality, we can further assume that g is a principal mapping. 

Consider e > and use Proposition I2.2[ with m — 2, to obtain a collection of cubes 
T 3 = {-Pj} satisfying the conclusions of Proposition 12.21 with respect to the compact set E. 



Following [2], decompose g — (f> o /, where both and / are principal i^-quasiconformal 
mappings, / is conformal outside Q, and is conformal in /(O) U (C \ D). Recall that 
Lemma 15.61 only applies to quasiconformal mappings with dilatation (by which we mean 
|| // | |oo) at most Eq. If we assume that the dilatation of g is at most Eq, then the dilatation 
of / satisfies the same bound, so that Lemma [5T61 applies to it. 
Then by quasi-symmetry, Theorem 15.141 and Lemma 15.61 



d<P = (XdaO d<p . 



Denote ft = (U^)°- 



HZ,(9ti)<'HZo(9<U 12 - p *)) 



i 



i 



<C(K)J2^m(9(Pi)) 



f 





t> 




The parameter e > was arbitrary, so the proof of Lemma 12.11 is complete. 



□ 
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5.15. Remark. The proof of Lemma 12.11 actually gives the following quantitative estimate 
for Hausdorff content. Let < t < 2 and t' = 2 +(K-i)f Assume / is a principal K- 
quasiconformal mapping with < Kq(€), and let E C be compact. Then 

(5.16) H t UfE)<C(K (t))(H t oo (E) 

We claim that this can be rewritten in the following invariant form. Assume now / is a 
K-quasiconformal mapping with < Ko{t), and let E be a compact set contained in a ball 
B. Let t and t' be as in ( 15. 16ft . and let diamA denote the diameter of the set A. Then 

( 5 - 17 ) 77. TTTTv ^ C ( K o{t)) <— — t 



[diam/B]* l[diamfl] 

Indeed this follows using the method of Corollary 10 in [I] (see also [5].) Finally, for arbitrary 
K > 1, iteration of (I5.17P (with Ko(t') instead of Ko(t)) shows that (15.171) holds, with C(K (t)) 
replaced by C(K,t). 



References 

[1] Ahlfors, L. V., Lectures on quasiconformal mappings. Second edition. With supplemental chapters by C. 

J. Earle, I. Kra, M. Shishikura and J. H. Hubbard. University Lecture Series, 38. American Mathematical 

Society, Providence, RI, 2006.HJHQJ 
[2] Astala, K., Area distortion of quasiconformal mappings. Acta Math. 173 (1994), no. 1, 37-60. [lj [3l 

[3] Astala, K., Clop, A., Mateu, J., Orobitg, J. and Uriarte-Tuero, I., Distortion of Hausdorff measures and 
improved Painlev removability for quasiregular mappings. Duke Math. J. 141 (2008), no. 3, 539-571.(21 

ei mm 

[4] Astala, K., Iwaniec, T. and Saksman, E., Beltrami operators in the plane. Duke Math. J. 107 (2001), 
no. 1, 27-56. US 

[5] Astala, K., Iwaniec, T. and Martin, G., Elliptic partial differential equations and quasiconformal map- 
pings in the plane. Princeton Mathematical Series, 48. Princeton University Press, Princeton, NJ, 2009. 

[6] Astala, K. and Nesi, V., Composites and quasiconformal mappings: new optimal bounds in two dimen- 
sions. Calc. Var. Partial Differential Equations 18 (2003), no. 4, 335-355. [TJ 
[7] Bishop, C. J., Distortion of disks by conformal maps. Preprint, 2006. [T2l 

[8] Falconer, K. J., The geometry of fractal sets. Cambridge Tracts in Mathematics, 85. Cambridge Univer- 
sity Press, Cambridge, 1986. 

[9] Garcfa-Cuerva, J. and Rubio de Francia, J. L., Weighted norm inequalities and related topics. North- 
Holland Mathematics Studies, 116. Notas de Matematica [Mathematical Notes], 104. North- Holland 
Publishing Co., Amsterdam, 1985. El 
[10] Gehring, F. W. and Reich, E., Area distortion under quasiconformal mappings. Ann. Acad. Sci. Fenn. 
Ser. A I No. 388 (1966). CD 



QC DISTORTION OF HAUSDORFF MEASURE 



17 



[11] Iwanicc, T. and Martin, G., Quasiconformal mappings and capacity. Indiana Univ. Math. J. 40 (1991), 
no. 1, 101-122. Q] 

[12] Lehto, O., Univalent functions and Teichmiiller spaces. Graduate Texts in Mathematics, 109. Springer- 
Verlag, New York, 1987. H 

[13] Mattila, P., Geometry of sets and measures in Euclidean spaces. Fractals and rectifiability. Cambridge 
Studies in Advanced Mathematics, 44. Cambridge University Press, Cambridge, 1995. [5] 

[14] Mori, A., On an absolute constant in the theory of quasi-conformal mappings. J. Math. Soc. Japan 8 
(1956), 156-166. CD 

[15] Muscalu, C, Tao, T., Thiele, C, Multi-linear operators given by singular multipliers. J. Amer. Math. 

Soc. 15 (2002), no. 2, 469-496 (electronic) . [9] 
[16] Nazarov, F., Treil, S., Volberg, A., The T6-theorem on non-homogeneous spaces. Acta Math. 190 (2003), 

no. 2, 151-239. 

[17] Orobitg, J. and Perez, C, A p weights for nondoubling measures in R n and applications. Trans. Amer. 

Math. Soc. 354 (2002), no. 5, 2013-2033 (electronic). [7] 
[18] Pommerenke, Ch., Boundary behaviour of conformal maps. Grundlehren der Mathematischen Wis- 

senschaften [Fundamental Principles of Mathematical Sciences], 299. Springer- Verlag, Berlin, 1992. [TBI 
[19] Prause, I., On distortion of Hausdorff measures under quasiconformal mappings. Conform. Geom. Dyn. 

11 (2007), 219-223 (electronic). [JJ 
[20] Saksman, E., The local mapping properties of the Hubert transform. Preprint, 1999. [7] 
[21] Stein, E. M., Harmonic analysis: real- variable methods, orthogonality, and oscillatory integrals. With 

the assistance of Timothy S. Murphy. Princeton Mathematical Series, 43. Monographs in Harmonic 

Analysis, III. Princeton University Press, Princeton, NJ, 1993. [5] 
[22] Stein, E. M. and Weiss, G., Introduction to Fourier analysis on Euclidean spaces. Princeton Mathematical 

Series, No. 32. Princeton University Press, Princeton, N.J., 1971. [8] 
[23] Tolsa, X., Painleve's problem and the semiadditivity of analytic capacity. Acta Math. 190 (2003), no. 1, 

105-149. 

[24] Tolsa, X., Weighted norm inequalities for Calderon-Zygmund operators without doubling conditions. 
Publ. Mat. 51 (2007), no. 2, 397-456.0 

[25] Uriarte-Tuero, I., Sharp examples for planar quasiconformal distortion of Hausdorff measures and re- 
movability. Int. Math. Res. Not. IMRN no. 14 (2008), Art. ID rnn047, 43 pp.0 



School of Mathematics, Georgia Institute of Technology, Atlanta GA 30332 

Department of Mathematics & Statistics, McMaster University, 1280 Main Street West, 
Hamilton, Ontario, Canada L8S 4K1 

Mathematics Department, University of Missouri, Columbia, MO 65211 USA, & Depart- 
ment of Mathematics, Michigan State University, East Lansing MI 48824 



